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2.
ON THE ELECTROSTATICS OF A HOMOGENEOUS
GRAVITATIONAL FIELD AND ON THE WEIGHT
OF ELECTROMAGNETIC MASSES

“Sull ’elettrostatica di un campo gravitazionale uniforme
e sul peso delle masse elettromagnetiche,”
Nuovo Cimento 22, 176-188 (1921).

INTRODUCTION

The aim of the present paper is to investigate in the framework of general rela-
tivity how a homogeneous gravitational field modifies the electrostatic phenomena
occurring in it. Once the differential equation relating the electrostatic potential to
the charge density, which corresponds to the Poisson equation in classical electro-
statics, is established, one is able to integrate it at least when the gravitational field
is weak enough (and certainly the gravitational field of the Earth amply satisfies
this condition), obtaining in this way the corrections to the Coulomb law due to
the presence of the gravitational field.

In a first application the distribution of the electric charges on a conducting
sphere is studied, showing that the sphere polarizes by means of the gravitational
field.

The second application is devoted to studying the weight of an electromagnetic
mass, that is the force exerted on a fixed system of electric charges (e.g., sustained
by a rigid dielectric), as a consequence of the presence of the gravitational field.

One finds that such a weight is given by the acceleration of gravity times u/c?,
where u denotes the electrostatic energy of the charges of the system, and c is the
velocity of light. So the gravitational mass, namely the ratio between the weight
and the acceleration of gravity, does not coincide in general with the inertial mass
for the system under consideration, since the latter is given by (4/3)u/c? (with the
same notation) if the system is endowed with spherical symmetry for example.

Besides it is known how special relativity leads us to take Au/c? as the increase
of the inertial mass of a system getting an energy Awu, and this fact can be easily
related to the aforementioned result.

Finally, it is shown how to find a point having the same properties, with respect
to the weight of the considered system of charges, as the center of gravity with
respect to the weight of an ordinary system of material masses.
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PART 1

ELECTROSTATICS IN A GRAVITATIONAL FIELD

§ 1.— Let us consider a portion of the spacetime where a homogeneous gravita-
tional field is present, and assume the electrostatic phenomena that we think are
taking place in it to be weak enough to neglect the effect they produce on the metric
describing the region under consideration. Under this assumption, the line element
of the spacetime manifold can be written as !

ds* = adt* — da® — dy* — d2* | (1)

where a is a function only of z.

The variables t, x, y, z will also be denoted by zq, x1, x2, x3, and the coefficients
of the quadratic form (1) by g;x. Let ¢; be the vector potential, and F; the
electromagnetic field. Then we have

Fir = 0ik — Pk, (2)

referring ourselves to the fundamental form (1).
By limiting our considerations to electrostatic fields, we can set @1 = w2 = 3 =
0, and, for the sake of brevity, o = . Thus one has:

Fik = 0ik — ki = Opi _ O ;
’ ’ oxy,  Ox;
that is
F01:g—i, FOQZ%; F03:g—f,
(3)
Fo3 =F31 =F12=0, Fip = —Fpi , Fij=0.

In addition one has:

FO0) = $° g0 GG ) = g@0gUDR )

hk
from which by noting that:
O — é G N
one obtains
pon _ 199 poz _ 199 pos) _ _19¢
adx’ ady’ adz’ ()
F23) — PG Z pA2) — k) — _p(ki) FG) — 0

IT. LEVI-CIvITA, Note II. “Sui ds? einsteiniani”. Rend. Acc. Lincei, 27, 1° sem. N° 7.
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In the case under consideration here, the action can be written in the form

W:/ ZFikF(ik) dw—i—/de/(pdajo, (5)
“ ik

where

dw = \/—||gik|| dxo dz1 dro dxs = Vadz dydz dt

is the hypervolume element of the manifold, and the integration corresponding to
dw has to be performed over a specific region of the manifold, while the integrations
corresponding to de, dxg have to be extended to all the elements of electric charge
whose world lines cross the region under consideration and to the portions of those
world lines lying in it, respectively.

§ 2.— In the variation of W, ¢ can be arbitrarily varied, under the single condi-
tion that 0 = 0 on the boundary of the integration domain.

The variations dx, dy, §z instead, in addition to the condition dx = dy = §z =0
on the boundary, could also be subjected to further conditions to be determined
in each particular case. For example, inside a conducting body they will be quite
arbitrary, while in a rigid dielectric they will have to represent the components of
a rigid virtual displacement, and so on.

By putting the quantities (3), (4) into (5), one obtains:

s [l (5) (o) + (52) } e [ /M«;)

from which

5W://// dp [%Ayp—i— g—f%;/—a)—i-p] drdydzdt

+////p 8—¢5x+8—¢5y+8—¢5z dx dydzdt (7)
ox Jy 0z

as immediately follows by noting that dx = dy = dz = 0 along a given world line,
as a consequence of our assumptions, and pdz dydz = de, since p is the electric
density.
Then in order for 0W to vanish identically, since ¢ is arbitrary inside the
integration domain, one finds that
Do LBVEOP_ 0
z 0z

Moreover, one must also have

0P 50y 925, 0¢ _
////p(8x5x+8y5y+8z5z> dedydzdt =0, (9)

for every system of values for §z, dy, dz satisfying the assumed constraints.
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In equation (8) is contained the generalization of the Poisson’s law, to which the
(8) reduces if a is constant, that is if the gravitational field is absent.

§ 3.— If we indicate by G the acceleration of gravity of the field under consid-
eration, namely the acceleration with which a free material point begins to move,

one has:
1da
G= 37 (10)
WIth this (8) becomes:
Go
App+ 22 = —pya. (11)
a 0z

In order to find the solution of (11), given p at each point, we imagine the electric
charges to be contained in a small region around the origin of the coordinates.
Moreover, we will set a = ¢? at the origin (with ¢ the velocity of light near the
origin), and we will assume gravity to be so weak that those terms which contain
the square of the ratio I G/c? can be neglected, where [ represents the maximum
length entering into the problem under consideration. Under these assumptions, we
can set:

Therefore (11) can be written as:
G Jp G
A2¢+C—2$——C<1—C—2Z>p. (12)

The integral of that equation in this approximation, as can be directly verified,
is given by:
c G 1 G zp —2m
vp = l—5)amdm |- — 53—
c? r 2c r

1 G zp + 2m
—/PMdTM (T 2%z ) ; (13)

where M is the generic point of the region 7y containing the electric charges, P is
the point at which the potential ¢ is evaluated, and r is the distance MP.
Given the linearity of equation (12), any integral of the equation:

Az + =0, (12)"

29z
obtained by setting p = 0 in (12), can be added to (13). This integral will represent
the field due to causes external to py. For the application we have in mind it is

convenient to consider a particular solution to (12) * given by

p=—cEjz —cEjy+ E* —az

. , (14)

with EZ, EV, EZ constants.
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At the origin one has
1 1 1
E,=—-Fo1, Ey = —=Fo2, E, = ——Fo3,
¢ ¢ ¢

since E is the electric force.
From this it follows that the electric force of the external field (14) has compo-
nents

§ 4.— Let us now calculate the electric field due to a charge e concentrated at
the origin of the coordinates. From (13) one has:

ce (1 G z
= (2‘@2) ’ (15)

and this formula gives the generalization of the Coulomb’s law, as immediately
follows by setting G = 0. Recalling (3) one gets:

Foo ce [ x G zz
Ty (B 223 )

G
Foo = <« (y zy) ; (16)

4w \r3  2¢2r3

Foo ce [z G 22 n G 1
BT yx 53 2208 T 2c2y )
We can summarize all three of the preceding formulas in a single vector formula.
In fact by indicating by Fg the vector with components Fo1, Foo, Fo3, with @ a vector

of magnitude 1 and orientation MP, and finally with G a vector of magnitude G
and orientation z, (16) can be written as:

FO_E{%JF—GXQEL— 1 é} (17)

4 | r 2c2r 2c2r

It is interesting to compare this formula with the one which gives the electric
force exerted by an electric charge e which in the absence of gravitational attraction
has acceleration f, quasi-stationary motion and velocity negligible with respect to
the speed of light. Such a force is expressed by

i T'xa 1 =
E_{a+ “ - r}, (18)

r2 c

with the same notation.
From here one sees that, by setting

QL

= - (19)
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in (18), one obtains
FO =ckE.

This result can be put into words as follows, noting that cE is the electric part
of the electromagnetic field generated by the charge in accelerated motion:

The electric part (Fo1, Fo2, Fo3) of the electromagnetic field (F;x) generated by
an electric charge at rest in a homogeneous field of strength G is equal to the
electric part of the electromagnetic field which the same charge would produce in
the absence of gravitational field if it moved under the conditions indicated above
with acceleration G/2 in the direction opposite to the gravitational field.

§ 5.— Now, let us study how the distribution of the electricity over a conductor
is modified by the gravitational field. To this end, let us note that since dz, vy,
dz are arbitrary inside the conductor, from (9) it follows that ¢ = constant inside,
and so p = 0 by (8). Thus the electricity is completely at the surface. Then let us
assume that our conductor is a sphere with center O at the origin of the coordinates
and of radius R.

Let us try to satisfy the condition ¢ = constant in the interior by assuming
the following expression for the surface electric density at a generic point M of the
surface:

ﬁ—kgacosﬂ, (20)
where 6 represents the angle spanned by the radius vector OM from the z—axis, and
a is a constant to be determined, which we assume to be of the order of magnitude
of G/c?. From (13), the potential at a point P inside will be given by:

1
=< [ (2 +facoso)(__£m>dg,
T T

T in o \dmr? 2¢2 r

where the integration must be extended over the whole surface o of the sphere. By
neglecting terms of order greater than G/c? one obtains:

ce / do cea cos Bdo

®p

~ 16722 r 4r r
ceGzp do ceG amdo (21)
32m2R2¢2 r 2272 R2 2 ro
However, since P is inside, one has:
d 0 4 4
—0247TS, /COS do=—-mzp , /Z—Mdaz—szP.
T T 3 r 3
Thus one finds:
ce c/e e
_ (2, = 22
PR3 (R 27ch3) r (22)
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So if we require @p to be constant, we will have to set
1 G
a=g-5-
By substituting this value into (20), one finds the following expression for the
surface density:

e 2G
m+(1+?RCOSQ> . (23)
Therefore, the fact of being in a gravitational field produces a polarization of
the sphere with moment

50—26}{2.

PART 2

WEIGHT OF ELECTROMAGNETIC MASSES

§ 6.— Suppose we have a system of charges held by a rigid support in such
a way that the dx, dy, dz of § 2 have to be given the form corresponding to the
components of a rigid displacement. Leaving the rotational displacements till later,
let us consider now the translational ones, that is say assume that dz, dy, dz are
arbitrary functions of time, but do not depend on z,y, z.

Then we will try to satisfy (9) by thinking of the potential ¢p at a generic point
P as the sum of the potential given by (13) and one of the form (14). We will denote
these two terms by pp’ and pp”/, and suppose that the ratio between the derivatives
of pp’ and pp” with respect to any direction whatsoever is of order | G/c?, having
decided to neglect the quadratic terms. Hence (9) can be written:

8(P/ 8(P// 8(P/ 8(P//
/dt{/TPM(ax + B )deTP+5y(8y + By pp dTp

8/ 8//
+5Z(8i + g;)ppdTp}—O.

Given that dx, dy, dz are arbitrary functions of time, independent of each other,
this equation gives rise to the three equivalent equations:

8/ 8// 8/ 8//
/(8§+8%)ppdfp_/ (8§+%)ppd@

8/ 8//
:/ (;;Jr g;)ppdTp—O. (24)

Now from the expression (13) for ¢p’, by noting that

or Tp — Ty

Orp r ’
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one immediately obtains:

— G _
=-= / / pppm dTpdTv {xp 3xM - (zp — ) (2p + ZM)} ,
47T TpJ ™™ T

2c2 r3

'

. 0T
where both integrals have to be performed over the region occupied by the charges.
By interchanging P and M in the right hand side, which changes nothing, one

obtains:
- — G —
- / / prpe dTMdTP{ SR +ZP)} ,
™Y TP r3 2¢ r

8
from which, by taking half the sum:

P
(25)
O
In an completely analogous way:
P
(26)
> 0y
On the other hand, similarly:
8 ——// PPPMdTPdTM{
TPY T™M
2p —ZM)(ZP +ZM) S G 1
202 r3 2¢2r |’
interchanging M and P:
z
8 ——/ / PMPPdTMdTP{ M
™Y TP
ZM — Zp)(ZM +Zp) L= G 1
202 r3 2¢2r |7
and by taking half the sum:
U
__/ / PP frpdny = —G — (27)
P 8 TpY TM

denoting by U the electrostatic energy of the system (apart from the gravitational
correction terms). As a consequence of the assumptions made about the derivatives
of pp”, we can certainly write, with our approximation:

8<PN

o pdr = —cE> e,
8 /!
/g;pdT:—cEZe,
8 /!
g;pdT:—cEze,
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where e = / pdr indicates the total charge of the system. By substituting the

.
expression just obtained into (24) one finds:

eEr =0,
eEl =0,
U
c

Our result is contained in these formulas. In fact, they tell us that in order to
maintain our system in equilibrium an external field (E*) is required exerting on the
system a force given (in the first approximation) by e E*; which must be understood
to balance the weight of the system, which is therefore given by —e E*, and so has
components

U
0,0, G = (28)
With this we conclude that the weight of an electromagnetic mass always has

the vertical direction and magnitude equal to the weight of a material mass u/c?.

§ 7.— In the preceding section we have taken dx, dy, 0z to be the components
of a translational displacement. If instead one takes the components of a virtual
rotational displacement with the axis passing through the origin of the coordinates,
namely setting

ox=qz—1Y ; oy =rx —pz; 0z =py — qr (29)

the integral (9), apart from the contribution due to the external field ", becomes:
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10

dp O
+T/7- p (xa—y _y(?_:c> dT} . (30)

The integrals between curly brackets are easily evaluated using (13) through
methods similar to that used in the previous section. They have the values:

G G [[=
// yTPPPPM dredrv;  +3= // TPPPPM drpdm; 0. (31)

" 8r7c 8re

By taking as the origin the point O’ defined by the point O and the vector

1 P -0
o - O:ﬁ// pppm dTpdTy

r

one sees immediately that the three integrals vanish for any orientation of the

system about O’. As a consequence, with respect to the new origin the integral (9)

is identically zero, namely the moment of the weight with respect to O’ is zero for

any orientation of the system; thus O’ enjoys the properties of the center of gravity.
Pisa, March 1921.



